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Aspects of Diffeomorphism Invariant Theory of Extended Objects I:
The Relativistic Particle and its d-brane Cousins
V. G. Gueorguiev∗
Lawrence Livermore National Laboratory, Livermore, CA 94550
General structure of classical reparametrization-invariant matter systems, mainly the relativistic
particle and its d-brane generalization, are studied. The exposition is in close analogy with the
relativistic particle in an electromagnetic field as reparametrization-invariant system. The structure
of a diffeomorphism invariant Lagrangian action for an extended object (d-brane) embedded in a
bulk space M is discussed. Our construction uses first order homogeneous Lagrangians to achieve
general covariance in contrast to the constructions that use scalar Lagrangians along with metric
dependent integration measure. The framework contains intrinsically the relativistic point particle,
string theory, and Dirac-Nambu-Goto Lagrangians. In a natural way, the matter Lagrangian con-
tains background interaction fields, such as a 1-form field, analogous to the electromagnetic vector
potential, and a metric tensor. The framework naturally suggests new classical interaction fields
beyond electromagnetism and gravity. Construction of aninteraction field Lagrangian that is back-
ground free and consistent with the gauge symmetries presented in the equations of motion for the
matter is outlined.
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I. INTRODUCTION
Probing and understanding physical reality goes
through a classical interface that shapes our thoughts as
classical causality chains. Therefore, understanding the
essential mathematical constructions in classical mechan-
ics and classical field theory is important, even though
quantum mechanics and quantum field theory are re-
garded as more fundamental than their classical coun-
terparts. Two approaches, the Hamiltonian and the La-
grangian, are very useful in physics [1, 2, 3, 4, 5]. In gen-
eral, there is a transformation that relates these two ap-
proaches. For a reparametrization-invariant theory, how-
ever, there are problems in changing from Lagrangian to
the Hamiltonian approach [2, 3, 4, 6, 7].
Fiber bundles provide the mathematical framework for
classical mechanics, field theory, and even quantum me-
chanics if viewed as a classical field theory. Parallel trans-
port, covariant differentiation, and gauge symmetry are
very important structures [8] associated with fiber bun-
dles. When asking: “What structures are important to
physics?”, we should also ask: “Why one fiber bundle
should be more ‘physical’ than another?”, “Why does the
‘physical’ base manifold seem to be a four-dimensional
Lorentzian manifold?” [9, 10, 11], and “How should one
construct an action integral for a given fiber bundle?”
[1, 5, 12, 13, 14]. Starting with the tangent or cotangent
∗On leave of absence from Institute of Nuclear Research and Nu-
clear Energy, Bulgarian Academy of Sciences, Sofia 1784, Bulgaria.
bundle seems natural because these bundles are related
to the notion of a classical point-like matter. Since we ac-
crue and test our knowledge via experiments that involve
classical apparatus, the physically accessible fields should
be generated by matter and should couple to matter as
well. Therefore, the matter Lagrangian should contain
the interaction fields, not their derivatives, with which
classical matter interacts [15].
In this paper, we discusse the properties of a
reparametrization-invariant matter system. We use the
relativistic particle [6, 8, 12, 16] to illustrate the main
ideas and their generalization to extended objects (d-
branes). We try to find the answer to the question:
“What is the Lagrangian for matter?” Our matter
Lagrangian naturally contains background interaction
fields, such as a 1-form field, analogous to the electro-
magnetic vector potential, and a metric tensor that is
usually related to gravity. We also discuss the guiding
principles needed in the construction of the Lagrangians
for the interaction fields.
In Section II, the Lagrangian for a relativistic particle
is given as an example of a reparametrization-invariant
action. In Section III we argue in favor of first order ho-
mogeneous Lagrangians. Section IV discuses the physical
implication of such Lagrangians, in particular, the pos-
sibility of classical forces beyond electromagnetism and
gravity. Section V considers a possible generalization to
D-dimensional extended objects (d-branes). Section VI
contains a review of the field Lagrangians relevant for
the interaction fields. Our conclusions and discussions
are given in Section VII.
2II. THE MATTER LAGRANGIAN FOR THE
RELATIVISTIC PARTICLE
From everyday experience, we know that localized par-
ticles move with a finite 3D speed. In an extended con-
figuration space (4D space-time), when time is added as
a coordinate (x0 = ct), particles move with a constant 4-
velocity (v ·v = constant). The 4-velocity is constant due
to its definition vµ = dxµ/dτ that uses the invariance of
the proper time (τ) mathematically defined via a metric
tensor gµν (dτ
2 = gµνdx
µdxv). In this case, the action
for a massive relativistic particle has a nice geometrical
meaning: the ‘distance’ along the particle trajectory [8]:
S1 =
∫
dτL1(x, v) =
∫
dτ
√
gµνvµvν , (1)
√
gµνvµvν → 1 ⇒ S1 =
∫
dτ.
However, for massless particles, such as photons, the
length of the 4-velocity is zero (gµνv
µvν = 0). Thus
one has to use a different Lagrangian to avoid problems
due to division by zero when evaluating the final Euler-
Lagrange equations. The appropriate ‘good’ action is [8]:
S2 =
∫
L2(x, v)dτ =
∫
gµνv
µvνdτ. (2)
Notice that the Euler-Lagrange equations obtained from
S1 and S2 are equivalent, and both are equivalent to the
geodesic equation as well:
d
dτ
~v = D~v~v = v
β∇β~v = 0, (3)
vβ
(
∂vα
∂xβ
− Γαβγvγ
)
= 0.
In general relativity the Levi-Civita con-
nection ∇β , with Christoffel symbols Γαβγ =
gαρ (gβγ,ρ − gρβ,γ − gργ,β) /2, preserves the length
of the vectors (∇g(~v,~v) = 0) [8]. Therefore, these
equivalences are not surprising because the Lagrangians
in ((1) and (2)) are functions of the preserved arc length
g(~v,~v) = ~v2. However, the parallel transport for a
general connection ∇β does not have to preserve the
length of a general vector.
The equivalence between S1 and S2 is very robust.
Since L2 is a homogeneous function of order 2 with re-
spect to ~v, the corresponding Hamiltonian function (h =
v∂L/∂v − L) is exactly equal to L (h(x, v) = L(x, v)).
Thus L2 is conserved, and so is the length of ~v. Any ho-
mogeneous Lagrangian in ~v of order n 6= 1 is conserved
because h = (n − 1)L. When dL/dτ = 0, then one can
show that the Euler-Lagrange equations for L and L˜ =
f (L) are equivalent under certain minor restrictions on
f . This is an interesting type of equivalence that applies
to homogeneous Lagrangians (L(βv) = βnL(v)). It is
different from the usual equivalence L→ L˜ = L+ dΛ/dτ
or the more general equivalence discussed in ref. [17].
Any solution of the Euler-Lagrange equation for L˜ = Lα
would conserve L = L1 since h˜ = (α − 1)Lα. All these
solutions are solutions of the Euler-Lagrange equation
for L as well; thus Lα ⊂ L. In general, conservation of
L1 is not guaranteed since L1 → L1 + dΛ/dτ is also a
homogeneous Lagrangian of order one equivalent to L1.
This suggests that there may be a choice of Λ, a “gauge
fixing”, so that L1 + dΛ/dτ is conserved even if L1 is
not. The above discussion applies to any homogeneous
Lagrangian.
III. HOMOGENEOUS LAGRANGIANS OF
FIRST ORDER
Suppose we don’t know anything about classical
physics, which is mainly concerned with trajectories of
point particles in some space M , but we are told we can
derive it from a variational principle if we use the right
action integral S =
∫
Ldτ . By following the above ex-
ample we wonder: “should the smallest ‘distance’ be the
guiding principle?” when constructing L. If yes, “How
should it be defined for other field theories?” It seems
that a reparametrization-invariant theory can provide us
with a metric-like structure [6], and thus a possible link
between field models and geometric models [18].
In the example of the relativistic particle, the La-
grangian and the trajectory parameterization have a geo-
metrical meaning. In general, however, parameterization
of a trajectory is quite arbitrary for any observer. If
there is a smallest time interval that sets a space-time
scale, then this would imply a discrete space-time struc-
ture since there may not be any events in the smallest
time interval. The Planck scale is often considered to be
such an essential scale [19]. Leaving aside recent hints
for quantum space-time from loop quantum gravity and
other theories , we ask: “Should there be any preferred
trajectory parameterization in a smooth 4D space-time?”
and “Aren’t we free to choose the standard of distance
(time, using natural units c = 1)?” If so, then we should
have a smooth continuous manifold and our theory should
not depend on the choice of parameterization.
If we examine the Euler-Lagrange equations carefully:
d
dτ
(
∂L
∂vα
)
=
∂L
∂xα
, (4)
we notice that any homogeneous Lagrangian of order
n (L(x, α~v) = αnL(x,~v)) provides a reparametrization
invariance of the equations under the transformations
τ → τ/α,~v → α~v. Next, note that the action S
involves an integration that is a natural structure for
orientable manifolds (M) with an n-form of the vol-
ume. Since a trajectory is a one-dimensional object, then
what we are looking at is an embedding φ : R1 → M .
This means that we push forward the tangential space
φ∗ : T (R
1) = R1 → T (M), and pull back the cotangent
3space φ∗ : T (R1) = R1 ← T ∗(M). Thus a 1-form ω on
M that is in T ∗(M) (ω = Aµ (x) dx
µ) will be pulled back
on R1 (φ∗(ω)) and there it should be proportional to the
volume form on R1 (φ∗(ω) = Aµ (x) (dx
µ/dτ)dτ ∼ dτ),
allowing us to integrate
∫
φ∗(ω) :
∫
φ∗(ω) =
∫
Ldτ =
∫
Aµ (x) v
µdτ.
Therefore, by selecting a 1-form ω = Aµ (x) dx
µ on M
and using L = Aµ (x) v
µ we are actually solving for the
embedding φ : R1 → M using a chart on M with co-
ordinates x : M → Rn. The Lagrangian obtained this
way is homogeneous of first order in v with a very simple
dynamics. The corresponding Euler-Lagrange equation
is Fνµv
µ = 0 where F is a 2-form (F = dA); in elec-
trodynamics this is the Faraday’s tensor. If we relax the
assumption that L is a pulled back 1-form and assume
that it is just a homogeneous Lagrangian of order one,
then we find a reparametrization-invariant theory that
may have an interesting dynamics.
A. Pros and Cons About Homogeneous
Lagrangians of First Order
Although, most of the features listed below are more
or less self-evident, it is important to compile a list of
properties of the homogeneous Lagrangians of first order
in the velocity ~v.
Some of the good properties of a theory with a first
order homogeneous Lagrangian are:
(1) First of all, the action S =
∫
L(x, dxdτ )dτ is a
reparametrization invariant.
(2) For any Lagrangian L(x, dxdt ) one can construct
a reparametrization-invariant Lagrangian by en-
larging the space to an extended space-time [2]:
L(x, dxdt ) → L(x, dxdt ) dtdτ . However, it is an open
question whether there is a full equivalence of the
corresponding Euler-Lagrange equations.
(3) Parameterization-independent path-integral quan-
tization could be possible since the action S is
reparametrization invariant.
(4) The reparametrization invariance may help in deal-
ing with singularities [20].
(5) It is easily generalized to D-dimensional extended
objects (d-branes) that is the subject of Section V.
The list of trouble-making properties in a theory with
a first order homogeneous Lagrangian includes:
(1) There are constraints among the Euler-Lagrange
equations [2], since det
(
∂2L
∂vα∂vβ
)
= 0.
(2) It follows that the Legendre transformation
(T (M) ↔ T ∗ (M)), which exchanges velocity and
momentum coordinates (x, v)↔ (x, p), is problem-
atic [3].
(3) There is a problem with the canonical quantization
approach since the Hamiltonian function is identi-
cally ZERO (h ≡ 0) [4].
Constraints among the equations of motion are not
an insurmountable problem since there are procedures
for quantizing such theories [4, 21, 22, 23, 24]. For
example, instead of using h ≡ 0 one can use some of
the constraint equations available, or a conserved quan-
tity, as Hamiltonian for the quantization procedure [4].
Changing coordinates (x, v) ↔ (x, p) seems to be dif-
ficult, but it may be resolved in some special cases by
using the assumption that a gauge Λ has been chosen so
that L → L + dΛdτ = L˜ = const. We would not discuss
the above-mentioned quantization troubles since they are
outside of the scope of this paper. A new approach that
resolves h ≡ 0 and naturally leads to a Dirac like equa-
tion is under investigation and subject of a forthcoming
paper, for some preliminary details see ref. [25].
B. Canonical Form of the First Order
Homogeneous Lagrangians
By now, we hope that the reader is puzzled, as we are,
about the answer to the following question: “What is the
general mathematical expression for first order homoge-
neous functions?” Below we define what we mean by the
canonical form of the first order homogeneous Lagrangian
and why we prefer such a mathematical expression.
First, note that any symmetric tensor of rank n
(Sα1α2...αn = S[α1α2...αn], where [α1α2...αn] is an arbi-
trary permutation of the indexes) defines a homogeneous
function of order n (Sn(~v, ..., ~v) = Sα1α2...αnv
α1 ....vαn).
The symmetric tensor of rank two is denoted by gαβ.
Using this notation, the canonical form of the first order
homogeneous Lagrangian is defined as:
L (~x,~v) =
∞∑
n=1
n
√
Sn (~v, ..., ~v) = (5)
= Aαv
α +
√
gαβvαvβ + ...
m
√
Sm (~v, ..., ~v).
Whatever is the Lagrangian for matter, it should in-
volve interaction fields that couple with the velocity ~v to
a scalar. Thus we must have Lmatter (~x,~v;Fields Ψ).
When the matter action is combined with the action
(
∫ L[Ψ]dV ) for the interaction fields Ψ, we obtain a full
background independent theory. Then the correspond-
ing Euler-Lagrange equations contain “dynamical deriva-
tives” on the left hand side and sources on the right hand
side:
∂γ
(
δL
δ(∂γΨ)
)
=
δL
δΨ
+
∂Lmatter
∂Ψ
.
4The advantage of the canonical form of the first or-
der homogeneous Lagrangian (5) is that each interaction
field, which is associated with a symmetric tensor, has a
unique matter source that is a monomial in the velocities:
∂L
∂Sα1α2...αn
=
1
n
(Sn(~v, ..., ~v))
1−n
n vα1 ....vαn . (6)
There are many other ways one can write first-
order homogeneous functions [6]. For example, one
can consider the following expression L (~x,~v) =(
hαβv
αvβ
) (
gαβv
αvβ
)−1/2
where h and g are seemingly
different symmetric tensors. However, each of these fields
(h and g) has the same source type (∼ vαvβ):
∂L
∂hαβ
=
L (~x,~v)
hγρvγvρ
vαvβ ,
∂L
∂gαβ
=
L (~x,~v)
gγρvγvρ
vαvβ .
Theories with two metrics have been studied before [26,
27]. At this stage, however, we cannot find any good
reason why the same source type should produce different
fields. Therefore, we prefer the canonical form (5) for our
discussion.
IV. CLASSICAL FORCES BEYOND
ELECTROMAGNETISM AND GRAVITY
The aim of this paper is to set the stage for diffeo-
morphism invariant mechanics of extended objects by
close analogy with the relativistic point particle. How-
ever, it is important that we understand the new terms
in the canonical expression of the first order homogenous
Lagrangians (5). In this respect this section discusses
the implications of such interaction terms beyond elec-
tromagnetism and gravity as given by the canonical ex-
pression of the first order homogeneous Lagrangians (5).
First, we point out that one can circumvent the linear
dependence, (det( ∂
2L
∂vα∂vβ
) = 0) due to the reparametriza-
tion symmetry, of the equations of motion derived from
L = n
√
Sn (~v, ..., ~v) by adding an extra set of equations
(dLdτ = 0). This way the equations of motion derived
from L = n
√
Sn (~v, ..., ~v) and
dL
dτ = 0 are equvalent to the
equations of motion derived from L = Sn (~v, ..., ~v). This
is similar to the discussion at the end of Section II. As
noticed before, this is a specific choice of parametriza-
tion such that vαgαβ (x) v
β is constant. Indeed, if we
start with the re-parametrization invariant Lagrangian
L = qAαv
α +m
√
gαβ(x)vαvβ and define proper time
τ such that: dτ =
√
gαβdxαdxβ ⇒
√
gαβvαvβ = 1.
Then we can effectively consider L = qAαv
α + (m +
χ)
√
gαβvαvβ − χ as our model Lagrangian. Here χ is
a Lagrange multiplier to enforce
√
gαβvαvβ = 1 that
breaks the reparametrization invariance explicitly. Then
we can write it as L = qAαv
α + (m + χ)
gαβv
αvβ√
gαβvαvβ
− χ
and using
√
gαβvαvβ = 1 we get L = qAαv
α + (m +
χ)gαβv
αvβ − χ. One can fix χ to be −m/2 by requiring
that L = qAαv
α + m
√
gαβ(x)vαvβ and L = qAαv
α +
(m+χ)gαβv
αvβ −χ give the same Euler-Lagrange equa-
tions. This results in the familiar equivalent Lagrangian:
L = qAαv
α + m2 gαβv
αvβ .
If we focus on a specific nth-term of re-parametrization
invariant Lagrangian (5), that is, L = (Sn (v))
1/n
in the
parametrization gauge Sn (v) = const then the equations
of motion are:
Sn/α/β(v)
dvβ
dτ
= Sn,α(v)− Sn/α,βvβ .
Here Sn,α denotes partial derivative with respect to x
α
when Sn/αdenotes partial derivative with respect to v
α.
From this expression it is clear that n = 2 is a model
that results in velocity independent symmetric tensor
Sn/α/β(v) that can be associated with the metric ten-
sor. In general Sn/α/β(v) goes as v
n−2 which will result
in an interesting behavior for n > 2: at velocities that
approach zero (v → 0) the acceleration grows as 1vn−2 .
To further illustrate our point and to gain better un-
derstanding of the Sn(v) terms we assume:
• Rotational symmetry, that is: Sn(v) = f(t, r, w, v)
where w = dt/dτ and v = dr/dτ ,
• Static fields, that is: Sn(v) = f(r, w, v),
• Inertial coordinate system in the sense of New-
tonian like space and time separation, that is:
St...tr...r = 0 except for St...t and Sr...r components:
Sn(v) = ψ(r)w
n + φ(r)vn .
This way the corresponding equations of motion for L =
Sn(v) are:
dv
dτ
= −v
2φ′(r)
nφ(r)
+
1
vn−2
wnψ′(r)
(n− 1)φ(r) ,
dw
dτ
= − wvψ
′(r)
(n− 1)ψ(r) .
The physics interpretation of such equations of motion
is that an observer cannot study a particle that is in abso-
lute rest with respect to the observer because this would
mean that such particle has an infinite acceleration. This
sounds very similar to the uncertainty principle in quan-
tum mechanics. Such terms with n > 2 play important
role in the derivation of the Dirac equation via v → γ
quantization which will be discussed in the second part
of this article (for preliminary results see [25] and [33]).
Not being able to observe a particle at rest seems
somewhat in contradiction to our classical physics reality.
However, the more appropriate Lagrangian should take
into account that ‘empty space’ has Minkowski geometry:
L = m
√
ηαβvαvβ + δ
n
√
Sn (~v, ..., ~v).
Here ηαβ = (1,−1, ...,−1) is the Lorentz invariant met-
ric tensor. For Lagrangians that contain gravity (S2(v)
5term) the problem for special velocity limit v → 0 does
not exist. In the non-relativistic limit (v → 0), the
present model of pure Sn interaction in Minkowski space-
time results in acceleration dvdτ that is the same up to
O(v2) terms for L = const parametrization as well as
for
√
ηαβvαvβ = const parametrization. Thus the non-
relativistic limit cannot distinguish these two choices of
parametrization.
It was mentioned before that for homogeneous La-
grangians of order α we have H = (α − 1)L and thus
dL/dλ = 0 except for α = 1 that singles out homoge-
neous Lagrangians of first order. When working with
re-parametrization invariant Lagrangian, one can chose
parametrization so that Ldλ = dτ or effectively L(x, v) =
const. This brings the homogeneous Lagrangians of first
order back in the family dL/dλ = 0. If we don’t know
the structure of L this seems to be the choice to be made.
It seems, however, that
√
gαβvαvβ = const is preferred
as physically more relevant due to its connection to the
lifetime of elementary particles. Especially, due to the
lack of experimental evidence that lifetime of charged
elementary particle is affected by the presence of elec-
tromagnetic fields. This can be related to the observa-
tion that for any Lagrangian of the form L = vµAµ(x, v),
where x is space-time coordinate and v is a world-line ve-
locity vector (4-vector for 3+1 space-time), one can define
a velocity dependent metric gαβ (x, v) = Aα/β (x, v) +
Aβ/α (x, v) where Aβ/α (x, v) denotes partial derivative
with respect to vα of Aβ (x, v). Then one can show that
d
dλ
(
vαgαβ (x, v) v
β
)
= 0 along the trajectory determined
by the Euler-Lagrange equation for L = vµAµ(x, v). This
metric gαβ (x, v) does not depend on the velocity inde-
pendent electromagnetic vector potential Aµ(x) and thus
the length of the vector as calculated with gαβ (x, v) is not
affected by the presence of electromagnetic interaction.
For homogeneous Lagrangians of first order, however,
one has vαgαβ (x, v) v
β = 0 because Aµ(x, v) is a homoge-
neous function of zero degree and thus vβAµ/β (x, v) = 0.
In this respect for homogeneous Lagrangians of first
order, it is not clear if one has to chose the parametriza-
tion so that L = const, or
√
gαβvαvβ = const, or
L − Aµ(x)vµ = const. The choice L − Aµ(x)vµ = const
may very well be the appropriate choice since the weak
and the strong forces do have effect on the lifetime of
elementary particles; for example, neutrons are unstable
in free space but stable within the nuclei. In connec-
tion to this we note that the other terms beyond gravity
( Sn with n > 2) are seemingly related to the internal
degrees of freedom of the elementary particles. This be-
comes more clear once a non-commutative quantization
( v → γ) is applied to the re-parametrization invariant
Lagrangian. This, however, will be discussed elsewhere,
for some preliminary results see [25] and [33].
To conclude this section, one may naively extrapolate
the scale at which such new forces may be dominant.
Considering that electromagnetic forces are relevant at
atomic and molecular scale, when gravity is dominat-
ing the solar system and galactic scales, then one may
deduce that terms beyond gravity may be relevant at
galactic and intergalactic scales. Along this line, a pos-
sible determination of the structure of such forces from
the velocity distribution of stars in galaxies is an inter-
esting possibility. In this respect, such forces can be of
relevance to the dark matter and dark energy cosmology
problems. The pathological dv/dτ → ∞ when v → 0
behavior of pure Sn for n > 2 interactions could also be
of relevance to inflation models. Finally, as already men-
tioned, such terms are essential in the discussion of the
Dirac equation when we consider the quantization of the
homogeneous Lagrangians of first order.
V. D-DIMENSIONAL EXTENDED OBJECTS
In the previous sections, we have discussed the classical
mechanics of a point-like particle as a problem concerned
with the embedding φ : R1 → M . The map φ provides
the trajectory (the word line) of the particle in the tar-
get spaceM . In this sense, we are dealing with a 0-brane
that is a one dimensional object. Although time is kept in
mind as an extra dimension, we do not insist on any spe-
cial structure associate with a time flow. We think of an
extended object as a manifoldD with dimension, denoted
also byD, dimD = D = d+1 where d = 0, 1, 2, .... In this
sense, we have to solve for φ : D → M such that some
action integral is minimized. From this point of view, we
are dealing with mechanics of a d-brane. In other words,
how is this D-dimensional extended object submerged in
M , and what are the relevant interaction fields? By using
the coordinate charts on M (x : M → Rm), we also can
think of this as a field theory over the D-manifold with a
local fiber Rm. Thus the field ~φ is such that φα = x ◦ φ :
D → M → Rm. Following the relativistic point parti-
cle discussion, we consider the space of the D-forms over
the manifoldM , denoted by ΛD (M), that has dimension(
m
D
)
= m!D!(m−D)! . An element Ω in Λ
D (M) has the form
Ω = Ωα1...αDdx
α1∧dxα2∧...dxαD . We use an arbitrary la-
bel Γ to index different D-forms overM,Γ = 1, 2, ...,
(
m
D
)
;
thus Ω → ΩΓ = ΩΓα1...αDdxα1 ∧ dxα2 ∧ ...dxαD . Next we
introduce “generalized velocity vectors” with components
ωΓ :
ωΓ =
ΩΓ
dz
= ΩΓα1...αD
∂ (xα1xα2 ...xαD )
∂(z1z2...zD)
,
dz = dz1 ∧ dz2 ∧ ... ∧ dzD.
In the above expression, ∂(x
α1xα2 ...xαD )
∂(z1z2...zD) represents the Ja-
cobian of the transformation from coordinates {xα} over
the manifold M to coordinates {za} over the d-brane.
The pull back of a D-form ΩΓ must be proportional to
the volume form over the d-brane:
φ∗
(
ΩΓ
)
= ωΓdz1 ∧ dz2 ∧ ... ∧ dzD =
= ΩΓα1...αD
∂ (xα1xα2 ...xαD )
∂(z1z2...zD)
dz1 ∧ dz2 ∧ ... ∧ dzD.
6Therefore, it is suitable for integration over the D-
manifold. Thus the action for φ is
S [φ] =
∫
D
L
(
~φ, ~ω
)
dz =
∫
D
φ∗ (Ω) =
∫
D
AΓ(~φ)ω
Γdz.
This is a homogeneous function in ω and is
reparametrization (diffeomorphism) invariant with re-
spect to the diffeomorphisms of the D-manifold. If we
relax the linearity L(~φ, ~ω) = φ∗ (Ω) = AΓ(~φ)ω
Γ in ~ω,
then the canonical expression for the homogeneous La-
grangian is:
L
(
~φ, ~ω
)
=
∞∑
n=1
n
√
Sn (~ω, ..., ~ω) = (7)
= AΓω
Γ +
√
gΓ1Γ2ω
Γ1ωΓ2 + ... m
√
Sm (~ω, ..., ~ω).
At this point, there is a strong analogy between the rel-
ativistic point particle and the d-brane. However, there
is a difference in the number of components; ~x,~v, and
~φ = ~x ◦ φ have the same number of components, but the
“generalized velocity” ~ω has
(
dimM
dimD
)
components which
are Jacobians [28].
Some specific examples of d-brane theories correspond
to the following familiar Lagrangians:
• The Lagrangian for a 0-brane (relativistic point
particle in an electromagnetic field, dimD = 1 and
ωΓ → vα = dxαdτ ) is:
L
(
~φ, ~ω
)
= AΓω
Γ +
√
gΓ1Γ2ω
Γ1ωΓ2 → L (~x,~v)
L (~x,~v) = qAαv
α +m
√
gαβvαvβ .
• The Lagrangian for a 1-brane (strings, dimD = 2)
[4] is:
L
(
xα, ∂ix
β
)
=
√
Y αβYαβ ,
using the notation:
ωΓ → Y αβ = ∂(x
α, xβ)
∂(τ, σ)
= det
(
∂τx
α ∂σx
α
∂τx
β ∂σx
β
)
=
= ∂τx
α∂σx
β − ∂σxα∂τxβ .
• The Lagrangian for a d-brane has the Dirac-
Nambu-Goto term (DNG) [29]:
L
(
xα, ∂Dx
β
)
=
√
Y ΓYΓ.
Notice that most of the Lagrangians above, except for
the relativistic particle, are restricted only to gravity-like
interactions. In the case of the charged relativistic par-
ticle, the electromagnetic interaction is very important.
The corresponding interaction term for d-banes is know
as Wess-Zumino term [30].
VI. THE BACKGROUND FIELDS AND THEIR
LAGRANGIANS
The uniqueness of the interaction fields and their
source types has been essential for the selection of the
matter Lagrangian (7). The first two terms in the
Lagrangian are easily identified as electromagnetic and
gravitational interaction. The other terms describe new
classical forces. It is not yet clear if these new terms are
actually present in nature or not, so we will not engage
them actively in the following discussion, but our aim is
to start preparing the stage for such research. At this
point, we have a theory with background fields since we
don’t know the equations for the interaction fields. To
complete the theory, we need to introduce actions for
these interaction fields.
One way to write the action integrals for the interac-
tion fields Sn in (7) follows the case of the d-brane discus-
sion. There, we have been solving for φ : D →M by se-
lecting a Lagrangian that is more than a pull back of aD-
form over the manifoldM . In a similar way, we may view
Sn as an M -brane field theory, where Sn : M → SnM
and SnM is the fiber of symmetric tensors of rank n over
M . This approach, however, cannot terminate itself since
new interaction fields would be generated as in the case
of φ : D →M .
Another way assumes that AΓ is an n-form. Thus we
may use the external algebra structure Λ (T ∗M) over M
to construct objects proportional to the volume form over
M . For any n -form (A) objects proportional to the
volume form ΩVol can be constructed by using operations
in Λ (T ∗M), such as the external derivative d, external
multiplication ∧, and the Hodge dual ∗. For example,
A∧∗A and dA∧∗dA are forms proportional to the volume
form.
The next important ingredient comes from the symme-
try in the matter equation. That is, if there is a trans-
formation A → A′ that leaves the matter equations un-
changed, then there is no way to distinguish A and A′.
Thus the action for the field A should obey the same
symmetry (gauge symmetry).
For example, the matter equation for 4D electromag-
netic interaction is d~v/dτ = F · ~v where F is the 2-form
obtained by differentiation of the 1-form A (F = dA),
and the gauge symmetry for A is A → A′ = A + df .
The reasonable terms for a 1-form field in the field La-
grangian L(A) are: A ∧ ∗A, dA ∧ dA, and dA ∧ ∗dA.
The first term does not conform with the gauge symme-
try A → A′ = A + df and the second term (dA ∧ dA) is
a boundary term since dA ∧ dA = d (A ∧ dA) that gives∫
M
d (A ∧ dA) = A∧dA at the boundary ofM . This term
is interesting in the quantum Hall effect. Therefore, we
are left with a unique action for electromagnetism:
S [A] =
∫
M
dA ∧ ∗dA =
∫
M
F ∧ ∗F.
For our next example, we look at the terms in the
matter equation that involve gravity. There are two pos-
7sible choices of matter equation. The first one is the
geodesic equation d~v/dτ = ~v · Γ · ~v where Γ is considered
as a connection 1-form that transforms in the usual way
Γ → Γ + ∂g under coordinate transformations with the
group element g. This type of transformation, however,
is not a ‘good’ symmetry since restricting Γ→ Γ + Σ to
transformations Σ = ∂g, such that ~v · Σ · ~v = 0, would
mean to select a subset of coordinate systems, inertial
systems, for which the action S is well defined and sat-
isfies S [Γ] = S [Γ + Σ]. Selecting a class of coordinate
systems for the description of a system is not desirable,
so we shall not follow this road.
In general, the Euler-Lagrange equations assume a
background observer who defines the coordinate system.
For electromagnetism, this is tolerable since neutral par-
ticles are such privileged observers. In gravity, however,
there is no such observer, and the equation for matter
should be relational. Such an equation is the equation of
the geodesic deviation: d2~ξ/dτ2 = R · ~ξ, where R is a Lie
algebra (TM) valued curvature 2-form R = dΓ + [Γ,Γ].
A general curvature 2-form is denoted by F → (Fαβ)ij .
Here, α and β are related to the tangental space (TM)
of the base manifold M . The i and j are related to the
fiber structure of the bundle over M where the connec-
tion that defines (Fαβ)
i
j is given. Clearly, the Ricci tensor
R is a very special curvature because all of its indices are
of TM type. For that reason, it is possible to contract
the fiber degree of freedom with the base manifold de-
gree of freedom (indices). Thus an action linear in R is
possible. In general, one needs to consider a quadratic
action, i.e. trace of F ∧ ∗F (F iαβj ∧ ∗F jαβi).
Using the symmetries of the Ricci tensor R (Rαβ,γρ =
−Rβα,γρ = −Rαβ,ργ = Rγρ,αβ) we have two possible
expressions that can be proportional to the volume form
Ω. The first expression is present in all dimensions and is
denoted by R∗, which means that a Hodge dual operation
has been applied to the second pair of indices (Rαβ,∗(γρ)).
The R∗ action seems to be related to the Cartan-Einstein
action for gravity S [R] =
∫
Rαβ ∧ ∗(dxα ∧ dxβ) [31].
The other expression is only possible in a four-
dimensional space-time and involves full anti-
symmetrization of R (Rα[β,γ]ρ)) denoted by R
∧.
The role and implications of such R∧ term is not
yet clear to us. It would be interesting to study the
renormalizability of a theory with such a term and if
its presence only in four-dimensional space-time has
anything to do with the actual dimension of the physical
space-time. However, a statistical argument [11, 32]
based on geometric and differential structure of various
brane and target spaces seems to be a better explanation
for why we are living in a 4D space-time.
VII. CONCLUSIONS AND DISCUSSIONS
In summary, we have discussed the structure of the
matter Lagrangian (L) for extended objects. Impos-
ing reparametrization invariance of the action S nat-
urally leads to a first order homogeneous Lagrangian.
In its canonical form, L contains electromagnetic and
gravitational interactions, as well as interactions that
are not clearly identified yet. If one extrapolates from
the strengths of the two known interactions, then one
may suggest that the next terms should be important, if
present at all, at big cosmological scales, such as galactic
cluster dynamics. If such forces are not present in na-
ture one needs to understand why is that so. The choice
of the canonical Lagrangian is based on the assumption
of one-to-one correspondence between interaction fields
and the type of their sources. If one can show that any
homogeneous function can be written in the canonical
form suggested, then this would be a significant step in
our understanding of the fundamental interactions. Note
that an equivalent expression can be considered as well:
L = Aα(~x,~v)v
α. This expression is simpler, and is con-
cerned with the structure of the homogeneous functions
of order zero Aα(~x,~v). If one is going to study the new
interaction fields Sn, n > 2, then the guiding principles
for writing field Lagrangians, as discussed in the exam-
ples of electromagnetism and gravity, may be useful. It
would be interesting to apply the outlined constructions
to general relativity by considering it as a 3-brane in a
10 dimensional target space (gαβ :M → S2M).
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